Abstract Properties of particles in Kerr metric are compared with properties of particles in rotating coordinates in Minkowski space-time. It is shown that particles with negative and zero energies existing in the ergosphere of the rotating black hole also exist in the region out of the static limit in rotating coordinates in Minkowski space-time. Some similarities like the Penrose process and differences in both cases are analyzed.
Introduction
It occurred that immediately after discovery of the special relativity theory relativistic effects due to rotation were studied [1] . These effects are still actively discussed in literature [2] . The importance of the rotating coordinate system is evident due to the daily rotation of the Earth.
In this paper we study the problem of the existence of particles with negative energies in rotating coordinates. Here one must discriminate between rotating coordinates from rotating reference frame. As it is well known rotating reference frame can be defined up to some limit which we shall call in analogy to rotating black holes the static limit. The rotating coordinates can be defined everywhere.
We show that properties of particles in rotating coordinates in Minkowski space-time in many respects are similar to properties of particles in the field of the rotating black hole. The problem of the sign of the energy in relativistic case has principal meaning and can lead to different physical phenomena for example to the Penrose effect in rotating black holes. In nonrelativistic case the potential energy of the particle is defined up to the additive constant and depending on its definition one can have different classification of motion of particles with negative energies. For example if the energy of the particle at rest on space infinity in nonrelativistic case is taken to be zero then the sign of the sum of the potential and kinetic energies in case of the Kepler problem defines the bounded and unbounded orbits. However taking it as in relativistic case to be mc 2 for particle with mass m (c is the velocity of light) one obtains for the full negative energy of the nonrelativistic particle moving with the velocity v on the distance r from the attracting massive body with the mass M mc 2 + mv
where G is the Newton gravitational constant, r g is the gravitational radius. So negative energy in this case can be only on distances smaller than the gravitational radius. However here we shall show that negative (and zero) particle energies are possible not only in strong gravitational fields but in the case of absence of the gravitational field in rotating coordinates.
Rotating coordinate system
Introduce following [3] , § 89, the notations r ′ , ϕ ′ , z ′ for cylindrical coordinates and time t. The interval in Minkowski space-time in these coordinates is
Rotating cylindrical coordinates define as r, ϕ, z. Let the rotation axis coincides with axes z and z ′ ,
where Ω ≥ 0 is the angular velocity of rotation. Putting (3) into (2) one obtains the expression for the interval in rotating coordinate system 
i, k = 0, 1, 2, 3. In book [3] it is said that "the rotating system of reference can be used only out to distances equal to c/Ω. In fact, from (4) we see that for r > c/Ω, g 00 becomes negative, which is not admissible. The inapplicability of the rotating reference system at large distances is related to the fact that there the velocity would become greater than the velocity of light, and therefore such a system cannot be made up from real bodies." The same opinion is present in the book [4] where going to rotation reference frame is considered to be possible only for distances r < c/Ω.
Note however that in spite of g 00 = 0 for r = c/Ω the metric (4) remains nondegenerate: det(g ik ) = −r 2 . If one uses the rotating coordinate system for the Earth then the angular velocity is Ω ⊕ ≈ 7.29 · 10 −5 s, and the distance where g 00 is zero is c/Ω ⊕ = 4.11 · 10 9 km. This distance is smaller than the orbit of the planet Neptune r ≈ 4.5 · 10 9 km, but farther than the orbit of Uranus r ≈ 2.9 · 10 9 km. It is evident that the rotating Earth coordinate system must be used not only for Neptune but much farther. Surely one cannot realize the "reference frame" by some immovable rods or by any bodies at rest in this system. Finite value of the light velocity surely prohibits to do it on some large distances from the rotation axis. However due to general covariance of general relativity one can use "the rotating coordinate system". So further in this paper we shall study motion of particles in rotating coordinate system.
There can be no physical body in rotating coordinate system being at rest on distances r > c/Ω due to impossibility of motion with the velocity larger than that of light. So the surface r = c/Ω plays the role of the static limit well known in Kerr metric for the rotating black hole. We shall show in this paper that out of this surface, r > c/Ω, the particle energy in rotating coordinate system can have negative value as it is the case for the Kerr metric. So let us write the formulas for the Kerr metric and compare them with those in rotating coordinates in Minkowski space-time.
The Kerr metric of the rotating black hole
The interval in Kerr metric of the rotating black hole [5] in Boyer-Lindquist coordinates [6] is
where
M is the mass of the black hole, aM is angular momentum. We suppose 0 ≤ a ≤ GM/c. The covariant components of metric tensor in the coordinates
The event horizon for the Kerr black hole is given by
∆(r H ) = 0. ∆(r) > 0 outside of the horizon of events. The surface
is the Cauchy horizon. The surface of the static limit is defined by
It is obvious that S(r 1 , θ) = 0. The region of space-time between the static limit and the event horizon is called ergosphere [7] , [8] . Inside the ergosphere one has S(r, θ) < 0. Note that
Using the relation
one can find det(g ik ) = −ρ 4 sin 2 θ. That is why for ρ = 0, θ = 0, π, the metric (6) is nondegenerate. Further for Kerr metric we will use the system of units in which G = c = 1.
Using the relation (15) one can write the equations of geodesics for the Kerr metric (6) (see [9] , Sec. 62 or [8] , Sec. 3.4.1) as
Here E = const is the energy (relative to infinity) of the moving particle, J is the conserved angular momentum projection on the rotation axis, m is the rest mass of the particle, λ -the affine parameter along the geodesic. For the particle with m = 0 the parameter λ = τ /m, where τ is the proper time. Q is the Carter constant. Q = 0 for the motion in the equatorial plane (θ = π/2). The constants σ r , σ θ = ±1 define the direction of motion in coordinates r, θ. From (17) follows that the parameters characterizing any geodesic must satisfy the conditions
For the geodesic being the trajectory of the test particle moving outside the event horizon one must have the condition of motion "forward in time"
The conditions (20), (21) lead to inequalities for possible values of the energy E and angular momentum projection J of the test particle at the point with coordinates (r, θ) with fixed value Θ ≥ 0 [11] .
Outside the ergosphere S(r, θ) > 0,
On the boundary of the ergosphere (for θ = 0, π)
(24) The value E = 0 is possible on the boundary of the ergosphere when m = 0 and Θ = 0. In this case one can have any value of J < 0.
Inside the ergosphere r H < r < r 1 (θ), S < 0
and the energy of the particle as it is known can be as positive as negative.
As it is seen from (24), (25) on the boundary and inside the ergosphere the angular momentum projection of particles moving along geodesics can be negative and it can be any large in absolute value number for the fixed value of the energy. This property is valid not only for the Kerr metric [11, 12] , but in the ergosphere of any black hole with the axially symmetric metric [13] . Note that in the vicinity of horizon from (25) one has
If the the values of J and Θ ≥ 0 are given then from (20), (21) one has at any point outside the horizon
The lower boundary E corresponds to R = 0. As it is seen from (27) negative energies can be only in case of the negative value of J of the angular momentum of the particle and for r such as 2M ra| sin θ| > ρ 2 √ ∆, i.e., in accordance with (15) , in the ergosphere.
The energy of the point particles in curved space-time
As it is known [9] , equations of geodesics in the space-time with the interval
where λ defined earlier in (16) , (17) is the affine parameter on the geodesic. Generalized momenta are by definition
It is evident that contravariant components of the generalized momenta are equal to corresponding velocities:
For timelike geodesic let us normalize the affine parameter λ = τ /m, where τ is the proper time of the moving particle with mass m. Then
If the metric components g ik do not depend on some coordinate then the corresponding canonical momentum (the corresponding covariant component) is conserved in motion along the geodesic due to Euler-Lagrange equations:
In the general case independence of the metric on some coordinate does not lead to the conservation of the corresponding contravariant momentum component! For example consider free moving particle in Minkowski spacetime. In Cartesian coordinates all components of the energy-momentum vector as covariant as contravariant are conserved
where p ′ is usual three momentum (see [3] , § 9). In cylindrical coordinates
is the projection of the angular momentum on the axis (OZ). The metric components do not depend on the angle ϕ and the covariant momentum component −L ′ z is conserved. Contravariant component p ′ϕ evidently is not conserved. In case when the components of metric do not depend on time t the zero covariant component of the momentum p 0 of the freely moving particle is conserved and it is equal to the particle energy divided on the light velocity E/c:
Let us show that this expression for the energy can be obtained differently using Killing vector. Let the space-time have the timelike Killing vector ζ i orthogonal to some set of spacelike hypersurfaces {Σ}. From the definition of the Killing vector one has
Let T ik be the metrical energy-momentum tensor of some field or covariantly conserved energy-momentum tensor of some matter. The translational symmetry with the generator ζ i leads to the conservation of the quantity
which follows from the covariant conservation of T ik and Eq. (37) leading to ∇ i (T ik ζ k ) = 0. The quantity E (ζ) plays the role of the energy.
Let us find E (ζ) for a classical pointlike particle with the mass m. By variation of the action
one obtains the energy-momentum tensor of the classical pointlike particle, located at the point with coordinates x p as
The value of (38) for a pointlike particle in a general metric and for an arbitrary vector ζ i is
where u i = dx i /ds is the four velocity, p i = m c dx i /ds is the four momentum. Note that the value (41) is conserved along the geodesic for any Killing vector which can be not only timelike (see Problem 10.10. in book [14] ).
The value of the energy E (ζ) evidently depends on the choice of the Killing vector ζ. If metric does not depend on time and the Killing vector is chosen so that ζ = (1, 0, 0, 0), then the energy E (ζ) is equal to (36).
The energy and the static limit for the metric with rotation
Here we obtain some general limitations on the parameters of particle motion in metric with rotation for the interval
in the region where g ϕϕ < 0, g rr < 0, g θθ < 0. The Kerr metric (6) out of the event horizon (r > r H ) and the metric of the rotating coordinate system (4), if one changes z → θ satisfy these conditions. One must have ds 2 ≥ 0 for the interval for any points of the world line of the moving particle and this leads to the inequality
So if dϕ = 0 one must have (g 0ϕ ) 2 −g 00 g ϕϕ > 0 (the sign of equality is excluded by the condition of the nondegeneracy of metric (42)) and the angular velocity ω = dϕ/dt for any particle is in the limits [7] 
If g 00 ≤ 0 then the rotation is possible only in one direction. The coordinates corresponding to g 00 = 0 define the static limit. For the rotating coordinate system (4) the static limit corresponds to the value r = c/Ω. In the region out of the event horizon of the Kerr black hole the static limit is defined by the formula (13) . Note that the well known in nonrelativistic mechanics relation between the angular and linear velocities of rotation v = ωr in general does not correspond to relative velocity of rotation of one particles relative to other particles at rest. For the rotating coordinate system for r > c/Ω one could obtain the value larger than that of the velocity of light. However the condition ds 2 ≥ 0 for any values of 4-coordinates of the observable particle guarantees that its velocity relative to any particle located in its vicinity cannot be larger than the velocity of light.
Let us find the expression for the energy of the particle in metric with rotation (42). Due to expressions of the contravariant metric components
from (31) one obtains
In region where g 00 > 0 the sign of p 0 coincides with the sign of the root in the right hand side of this formula. Suppose that in the region with g 00 > 0 the energy of particles is positive then the minus sign in (47) must be put away. Then one obtains for the energy of particles
As it is clear from (48) the necessary and sufficient condition of the existence of states with different signs of the energy in the same region of coordinate values an metric with rotation (42) is the condition g 00 < 0. If g 00 = 0 then together with the positive sign of the energy states with zero energy and nonzero momentum are possible so that E = 0 when p ϕ g 0ϕ > 0, p r , p θ , m = 0.
So in metric with rotation (42) the static limit coincides with the boundary of existence of states with negative energy and is defined by the condition g 00 = 0. Inside this region g 00 < 0 and no particle can be at rest in the coordinate system (42). Here the energies can be positive, negative and zero.
If the particle has zero angular momentum then due to the definition (29)
so that the angular velocity is
For the metrics (4), (6) this angular velocity is equal to the corresponding values Ω.
If the particle has zero energy then due to the definition (29)
and its angular velocity is
The angular velocity of any particle with zero energy does not depend on the value of mass and angular momentum of the particle and is defined by the formula (52)
For the metric of uniformly rotating coordinate system (4) the values Ω 0,1,2 (see (44), (52)) are
For Kerr metric (6)
Possible values of the angular velocity of particles with positive, negative and zero energies are shown on Fig. 1 . Note that for the Kerr metric
The value ω Bh is called angular velocity of rotation of the black hole. For the uniformly rotating coordinate system
So there is an analogy between event horizon of the black hole and the space infinity in the uniformly rotating coordinate system. In its vicinity all physical bodies are rotating with constant angular velocity. It is evident that the coordinate time achieving the event horizon of the black hole or space infinity in rotating coordinates is infinite. Let us study the problem of maximally possible values of radial velocities of particles in the coordinates of metric (42). Note that due to nonradial motion of massless particles in ergosphere their radial velocity can have different values (zero for circular orbits). As it is known close to the horizon of black holes the coordinate radial velocity dr/dt approaches zero even in radial falling on the Schwarzschild black hole. This is formulated as the sentence that the time of falling on the black hole from the point of view of the observer on the space infinity is infinite.
Let us find limitations on possible values of the radial velocities of particles in the metric (42) from the condition
Taking into account that the sum of first three terms in (57) has the maximal value at
one obtains
The maximal value |dr/dt| corresponding to the equality in (59) corresponds to θ = const and to the angular velocity (58). Note that the angular velocity (58) corresponds to zero projection of the angular momentum p ϕ = 0 following from (29) for the metric (42). For the rotating coordinate system the formula (59) gives trivial result |dr/dt| ≤ c. For the Kerr metric (6) outside the event horizon r > r H one obtains dr dt
The representation ∆(r) = (r − r H )(r − r C ) leads to the result that for any moving particle (not only for the free falling) the coordinate time of achieving the horizon goes to infinity as log(r − r H ) for a < M and as ∼ 1/(r − r H ) for the extremal case when a = M . For particles moving on geodesics one obtains from Eqs. (16)- (18) dr dt
So the maximal radial velocity |v r | max = ∆/Σ is obtained by massless particles with zero projection of the angular momentum moving with fixed value of the angle θ (Θ = 0):
6 The energy and the momentum in the rotating coordinate system
Energy-momentum vector of the free particle can be obtained from (34) going to the rotating coordinate system
So in uniformly rotating coordinate system the energy (see (36)) and the angular momentum projection are equal to
The energy of the particle in the rotating coordinate system is different from that in nonrotating system and can be negative! Note that the relativistic formula (65) coincides with the nonrelativistic one presented in the book [10] .
One can ask the question: what is the reason for the change of the expression for the energy in rotating reference frame? It seems that the energy defined by (41) 
(66)
In rotating coordinates the equations of motion of particles with mass m have the form
The conditions dt/dλ > 0, R ≥ 0 give the following limitations on possible values of the energy and momentum. If r < c/Ω:
The graph of minimal values of the energy is given on Fig. 2 The lower boundary of the energy E min in rotating coordinate system. region for any particles E > 0. The value E = 0 is possible only if m, p z , L z = 0, which physically has no sense because then all energy-momentum components are zero. For fixed energy E and the momentum component p z the following values of the angular momentum are possible
On the boundary of the static limit E ≥ 0,
Out of the static limit the energy in rotating coordinate system E can have as positive as zero and negative values
One can compare this with (22)- (25) for the Kerr metric. On infinity
so that due to (55), (56) this is analogous to (26) in Kerr metric.
For given values of momenta p z and L z the conditions dt/dλ > 0, R ≥ 0 lead to limitations on the values of the energy of particles moving along geodesics (67)-(69)
As for the formula (27) in case of the Kerr metric one can conclude that negative energy values are possible only for negative values of the angular momentum projection L z out of the static limit r > c/Ω. The negative value of the angular momentum due to L ′ z = L z means the nonzero velocity of particles in Minkowski space in the system at rest. Such particles are moving in the coordinate system at rest along lines in the region r > c/Ω. So geodesics of particles with negative energies in the rotating coordinate system originate and terminate on infinity analogously to the event horizon of the Kerr metric in BoyerLindquist coordinates [15] . They evidently have infinite number of rotations in rotating coordinate system in direction opposite to the rotation of the system itself. This also has the analogy in Kerr metric in Boyer-Lindquist coordinates [9] .
Properties of motion of particles with zero energy in rotating coordinate system
Zero energy in rotating coordinate system is possible for r ≥ c/Ω. From (73), (74) it is seen that the angular momentum of the particle with zero energy L z ≤ 0. The angular velocity of particles with zero energy is
and it does not depend on the angular momentum (i.e on L z ) analogous to the Kerr metric case [16] . Same analogy is valid for other properties. The radial component of the velocity for E = 0 on the opposite, depends on the value of the angular momentum projection
and is changing for given r (and m = 0) from zero
For E = 0 only particles with m = 0 and p z = 0 achieve the boundary of the static limit. In motionless Minkowski space coordinate system such photons are tangent to the circle r = c/Ω. Let's note that the equation of their trajectory
under replacing c rΩ → rc
precisely coincides with the equation of the trajectory of photons with zero energy (see [16] ) moving in the equatorial plane of extremely rotating (a = GM/c) Kerr black hole.
On the boundary of the static limit the angular velocity of particles with zero energy is equal to zero. For r → ∞ the angular velocity of any particle in rotating coordinate system is going to Ω which follows from (67), (68).
The energy of collisions
There are many analogies between motion in uniformly rotating coordinate system and Kerr metric. However differently from the Kerr metric the rotating coordinate system is considered by us for the Minkowski space. So physical effects typical for the curved space-time with strong gravitational field must not be present in this case.
Let us show this on the example of the Bañados-Silk-West effect [17] of the unbounded growth of the energy of collisions in the center of mass system for motion in the field of rotating black hole. One can find the energy in the center mass system E c.m. of two colliding particles with rest masses m 1 and m 2 taking the square of the formula
where p i (n) are 4-momenta of particles (n = 1, 2). Due to p
For free falling particles with energies E 1 and E 2 and angular momenta L z1 , L z2 from the equations of geodesics in rotating coordinate system in Minkowski space one obtains
However the expression for the energy of collisions in the center of mass system is relativistic invariant and it can be written through 3-momenta of particles p n in Cartesian coordinates of Minkowski space
So the energy of collisions in rotating coordinate system does not depend on the point of collision which is different from the Kerr metric where such dependence is present and is leading to the unbounded growth of the energy of collision at some point.
7 On the Penrose process in rotating coordinate system
The existence of states with negative energy in the ergosphere of the rotating black hole was used by R. Penrose [18, 19] to consider the process of getting energy from the rotating black hole. If the particle in the ergosphere decays on two particles so that the energy of one of these is negative then the energy of the other particle must be larger than the energy of the decaying particle. If the second particle is going to space infinity then the energy is taken from the black hole. In rotating coordinate system out of the static limit the energy also can be negative. Can one get the energy in the decay of the body on two bodies out of the static limit? Let the massive particle at the rest system at the point x 0 = αc/Ω (for example α = 5) decays on two particles with the velocity v ′ = βc (for example β = 3/5) moving along the vertical in opposite directions. Then at the rest frame
In rotating coordinate system with angular velocity Ω
For taken α = 5, β = 3/5:
So the energy of the first resulting particles is larger than the energy of the initial particle. To realize the analogue of the Penrose process one must get the particle with the energy E 1 > E at the point of observation. However if this observation is at the point zero of coordinate system then the angular momentum L zi must be equal to zero and the energies of particles in rotating coordinate system E i = E ′ i + ΩL zi at the moment of observation occur to be the same E i = E ′ /2. For example these final particles can be directed without change of the energy at rest system by use of absolutely elastic collisions at points (x 0 , ±y) with mirrors standing under the angles
, as it is shown on Fig. 3 . In the rotating coordinates this looks like collision with moving screens. Particle with negative energy collides with the screen moving to it and gets the energy. Particle with positive energy collides with the screen going from it and gives energy to it. In the result both energies become the same equal to one half of the energy of the decaying particle.
If one makes the observation not at the zero point (the center of the Earth) the angular momentum can be nonzero and the energy in rotating coordinates can be different from that at rest. Then the Penrose effect can be observable. It occurs due to motion of the observer relative to the rest frame to or out of the moving particle. The order of the effect is defined by the linear velocity of the observer which is proportional to the distance from the rotation axis
where ω is the angular velocity of the observed particle. In case of observation of relativistic particles (for example in cosmic rays) its angular velocity can get values ω = ±c/r and the energy in rotating coordinates In observation of such particles on the equator of the Earth r ≈ 6378 km the additional term in the energy is of the order 1.55 · 10 −6 .
Conclusion
As it is seen from the obtained results the description of motion of particles in Boyer-Lindquist coordinates for the Kerr metric and the description of particle motion in rotating coordinates in flat space-time have many general features. In the rotating system and in Kerr metric there are regions where particles cannot be at rest: the ergosphere in Kerr metric and the region out of the surface r = c/Ω in rotating coordinate system. States of particles with negative and zero energies are possible in these regions. There are analogous inequalities on values of the energy and of the angular momentum projection for motion of particles divided by the static limit (see (22)-(27) for the Kerr black hole and (71)-(76) for the rotating system). The angular velocity of particles in these regions has always the same direction and is limited between the maximal and minimal values.
Inside the ergosphere and in the region r > c/Ω in rotating system the value of the particle angular velocity defines the sign of the particle energy (see Fig. 1 ).
There is analogy between the event horizon of the Kerr black hole and radial space infinity (r → ∞) of the rotating coordinate system.
In both cases movement to them takes infinite coordinate time and the angular velocity is going to a definite limit: to the angular velocity of the rotation of the black hole or to the angular velocity of the coordinate system. In both cases one needs infinite number of rotations to achieve either the horizon or (r → ∞). Geodesics of particles with zero and negative energies originate and terminate in r = r H in Kerr metric or in radial infinity r → ∞ in rotating coordinate system. However one must note that there is no full analogy between motion in Kerr metric and that in rotating coordinates in flat space-time. There is no Bañados-Silk-West effect [17] of the growth of the energy in the center of mass frame for two colliding particles present in Kerr metric but absent in rotating coordinates in Minkowski space. The Penrose effect formally is present in both cases but it has observable consequences only far from the origin point of the rotating coordinate system.
All results concerning Minkowski space-time in rotating coordinates are new. They show what the observer using these coordinates will see. We hope that these results will be found interesting by any researcher of General Relativity. 
